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Abst ract - -Let  Wk denote the number of walks of length k(_> 0) in a finite graph G, and define 
Ak = Ak(G ) := Wk+l Wk-1 -W 2. The condition A2k_I(G ) > 0 is satisfied for all k E N, and for all 
graphs G except he harmonic graphs for which A k ---- 0 holds for all k ~ 2--and thus, in particular. 
for the regular graphs for which A k = 0 holds for all k E N. In contrast, the sign of Ask(G ) may be 
positive as well as negative, depending on k and G. We show that, for every finite graph G, there 
exist unique numbers N E No, "rl,...,'rN,al,... ,aN,bl,... ,bN E R>o with 0 <: ~-1 < T2 < ... < TN 
and al + bl,a2 + b2,... ,aN + bN > 0 that can be computed in terms of the main eigenvalues and 
-angles of G such that 
N 
holds for all k in N. Consequently, the limits limk~ ~ 2 ~  and l imk~ 2k-~-~-  always exist 
and the sign of A2k is constant for all sufficiently large k. (~) 2003 Elsevier Science Ltd. All rights 
reserved. 
Keywords - -Walks  in graphs, Spectral graph theory, Eigenvalues (of graphs), Eigenvectors (of 
graphs), Regular graphs, Semiregular graphs, Harmonic graphs, Semiharmonic graphs. 
1. INTRODUCTION 
Given some integer  k E No and  a graph  G = (V, E )  w i th  f inite ver tex  set V and  edge set 
E C_ (y ) ,  let Wk = Wk(G) denote  the  number  of walks of length  k in G, i.e., the  number  of 
sequences vo, Vl . . . .  , Vk of vert ices f rom V w i th  {vi -1,  vi} E E for all i = 1 . . . .  , k. In [1], it was 
shown that  2 W~+ b <_ W2a W2b holds for all a, b c 51, that  the  set 
w(a):={(a,b)eN0 2 = wg+b w2b} 
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always coincides with either WI := N02, I/VII := N 2, 14~m := {(a, b) 6 N2o [ a = b(2)}, )'Yiv := 
Wit A 142m, or 1/Vv := {(a,a) I a 6 No}, and that these cases can be characterized as follows. 
( I ) )d;(G) = Wx -'. :. (0, 1) 6 W(G) ¢=:v G is regular ¢==v Ws+I = A Wk holds for some 
fixedA E Rand for a l l k  6 No ¢=~ W1 = AW0 and W2 = A Wl holds for some fixed 
AER.  
(II) W(G) _D WH ¢:=V (1, 2) 6 VV(G) ~ G is harmonic ¢=~ Wk+l = AWk holds for 
some A 6 Rand for a l l k  6 N ¢==~ W3 =AW2 and W4 = AW3 holds for some fixed 
AER.  
(I I I))/V(G) _D Wm ~ (0, 2) 6 YV(G) ¢=~ Ws+2 = A 2 Wk holds for some A 6 R and for all 
k 6 No ¢=~ Wu = A 2 W0 and W4 = A 2 W2 holds for some fixed A E R ; if G is connected, 
then W(G) _D )4)m implies that G is either regular or semiregular. 
(IV) W(G)  D 142iv ~ (1, 3) 6 142(G) .'. ;. G is semiharmonic ~ Wk+2 = A2Wk holds 
for some fixed A 6 R and for all k 6 N ¢==~ W3 = A 2 W1 and W5 = A 9 W3 holds for some 
fixed A 6 R. 
In view of W2(k-x) W2k = W~s_ 1 ~ (k - 1, k) 6 )4)(G), these results imply in particular 
that 
=  k(a) := Ws+  Ws-1 - (k • N) 
is nonnegative for all odd k • N and that the implications 
G is regular ¢==~ A1 = 0 ¢==~ As = 0, for all k • N 
and 
G is harmonic ¢=~ A3=0 -'. ~'- Ak=0,  for a l l k_2 ,  
¢==~ Ak = 0 holds for some odd k E N with k > 3 
hold. In particular, if G is not harmonic, we have A2k_l > 0 for all k E N. 
Remarkably, the sign of A2k can be positive as well as negative. In the case where G is the 
three-vertex path /)3, we have W2k = 3 .2  k and W2k+l = 4 • 2 k for all k 6 No and, hence, 
A2k = -2  k < 0 for all k 6 N (according to the definitions proposed below, this is an example of 
a strictly subharmonic graph). In the case where G is the nonconnected graph on five vertices 
whose components are the triangle C3 and the two-vertex path P2, one has Wk = 2 + 3 ,2  k and, 
consequently, A k ---- 3.2 k > 0 for all k 6 N (according to the definitions below, this is an example 
of a strictly superharmonic graph). 
Here, we will show that the sign of A2k is constant, at least, for all sufficiently large k. More 
generally, we will investigate the asymptotic behaviour of the sequences (Ak)se N in the case 
where A2s-1 # 0 holds for all k 6 N and establish the following result. 
THEOREM 1. For every finite graph G = (V, E)  as above, there exist unique numbers N 6 N0 and 
T1, • . . ,  TN, al, . . •, aN, bl, .  • •, bN 6 R>O with 0 <_ T 1 < T 2 < • " • < T N and al + bl, a2 + b2,. • •, aN + 
N k - 1  bN > 0 such that As : ~-~v=l(av -4- (--1) b~) T~ -1 holds for o21 k E N. In particular, the l imits 
Todd : :  lims-,oo ~ and "/'even :---- lims--,oo 2k -~-~ always exist, one has ITeven] ~ Todd, 
Tod d -~ 0 ¢===~ A k : 0, for a2 /k  6 N>2, 
"/'even ---~ 0 ¢==~ A2s = 0, for all k 6 N, 
and there exist numbers aodd, aeven E R>0 with 
a:s÷l -  aodd T:d d = O 
and 
- aeven T2g  1 = O (ITovonl 
(as functions of k). 
We note in passing that the number of walks in a graph and the quantities Ak are of some 
importance in chemical applications. The interested reader will find more de.tails on this matter 
in [2] and in the references quoted therein. 
Asymptotic Results 391 
2. PROOF OF  THEOREM 1 
As in [1], we observe that for j E R v, the all-one vector (1)vey and A = AG = (FE(V, w))v,~ey 
the adjacency matrix of G, defined by FE(v,w) := 1 if {v,w} E E and FE(V,W) := 0 else, we 
have (j I AkJ) = Wk, for all k E No. Thus, the claim follows from the following more general 
observation. 
Let A = (aij)i,j=l ..... n denote a symmetric n x n-matrix with a~j c R, for all i , j  = 1 . . . . .  n. 
For each # E R, let 
U~ = U A := {x_ e R ~ [Ax_ = #x_} 
denote the eigenspace of A relative to #. Given some fixed vector j in R n, let j~, denote its 
component in U~ in the associated spectral decomposition j = ~-~, j~ of j relative to the canonical 
decomposition R n =_1_ U~ of R '~ into the orthogonal sum of the eigenspa~es of A. Let a~, = a~(j) 
denote the necessarily nonnegative inner product a~, :-- (j  J j~) = (j~ j j~,) 1 Then, the two 
vectors Aaj  = ~-~.~, #aj~ and Abj = ~ #bj_~, are linearly dependent if and only if there exists some 
)~ E ~ with #b = Apa for all # C R with a~ ~ 0. Then, 
Wk (A j) := (j , Akjl  = ( j  ~-~#k ju l  = ~-~#k au 
I~ tL 
holds for every k E N0 which implies 
Ak(A I J) := Wk+z(A [ j) Wk-l(A [ j) - Wk(A [ j)2 
( i : ~--~ . k+l  
~--- ~ ( , , t )k - '  ( ,2  _ ~tl~t) O./z O./z '
D,D ~ 
Thus, putting T = {l##'[ [ # ' ,#  e R;/z'  < #;a ,a , ,  ¢ 0} and N := #T,  we can index the 
elements in T as r l ,v2, . . .  ,rN SO that 0 _< rl < T2 < "'" < TN holds. Further, we may put 
and 
bu := ~ (/z - / z l )  2 fit* fit*', 
for v = 1 , . . . ,  N, which clearly implies a~, + b~, > 0, by definition of T, and 
N 
Ak(AIj) ~(a~,+(-Z) ~-lb~) k-1 
for every k E N. Thus, the limits %dd := limk.-.~ ~ and revert := limk-..,~ 2k-~/-~2k always 
exist, we have 
Ak = 0 for all k > 2 ~=~ Tod d : 0, 
¢==~ e i therN=0,  o rN=landTN=(v l  =)0,  
1According to the terminology introduced in [3], the quotients I[J~l[/[iJ[t = ¢(~,  l J_~,)/(J I J) = x/~/[I J[] with 
a~, ~ 0 may also be called the main angles of A relative to 3_, and the eigenvalues/z of A with a~, ~ 0 the associated 
main eigenvalues, In the case where A is the adjacency matrix of a finite graph G and 3_ is the all-one vector, 
these numbers coincide indeed exactly the main angles and the main eigenvalues of G as defined in [3]. 
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whereas, in all other cases, we have 
Further, we have 
Todd - -  TN > O. 
A2k = 0 for all k • N ¢=* revert = 0, 
., ,.. {ve{1, . . . ,Y}tT~#Oanda~#bv}=O , 
whereas, in all other cases, 
Teven = Tvo sign(a~o -- bvo) ~ 0 
must hold for the largest index Vo in {1,. . . ,  N} with a~ o ~ b~ o. 
Finally, assuming (without loss of generality) that N > 0 holds, our formulae imply 
as well as 
A2k --[a~o bvo[ _2k-1 - Teve, = A2k - (a~o - bve)T;:o k-1 = o ([Tewnl2k-1), 
with v0 as above in case Teven # 0, and Ask = 0 for all k • N in case ~'~wn = 0. 
This establishes all of our claims. 
3. EXAMPLES 
We begin our discussion of examples with the following. 
COROLLARY. Given a finite graph G, exactly one of the following four alternatives holds. 
(H) AI(G) > 0 and Ak(G) = 0 for all k E N>2. 
(Ho) A2k-I(G) > 0 and A2k(G) = 0 for all k E N. 
(H+) A2k_I(G) > 0 for aJ1 and A2k(G) > 0 for all sufficiently large k E N. 
(H_) A2k-I(G) > 0 for all and A2k(G) < 0 for a11 sufficiently large k e N. 
Harmonic graphs are exactly those graphs that satisfy (H). Graphs that satisfy (Ho), (H+), 
or (H_) will be called almost, super-, and subharmonic, respectively. Graphs with A2k(G) > 0 
for all k • N will be called strictly superharmonic, whereas those with A2k (G) < 0 will be called 
strictly subharmonic. 
Next note that-- in view of the Perron-Frobenius theorem--we have (Jr" [ J~," ) # 0 for j the 
all-one vector considered already above and #* = #*(G) the largest eigenvalue of the adjacency 
matrix of a graph G. Further, denoting the smallest main eigenvalue of G by #_ = p_ (G) and, in 
case G is nonregular, the second largest main eigenvaiue by p+ = #+(G) (which must exist and 
be distinct from #* (G), though not necessarily from #_ (G) if G is nonregular) the above analysis 
implies that a nonregular graph G is superharmonic if the sum #+ + #_ is positive (and strictly 
superharmonic if #_ > 0 holds), that it is subharmonic f this sum is negative, that G is harmonic 
if #_ = #+ = 0 holds and that in case #_ + #+ = 0 and #_, #+ # 0, G is superharmonic in case 
a,+ > a~,_ and subharmonic in case a~÷ < a~_. In particular, if -#*(G)  is a main eigenvalue 
of G, then G is necessarily subharmonic. 
It is also clear that every semiharmonic, yet not harmonic graph G is strictly subharmonic. 
Indeed, we have some A • R* with W2k+l = A 2 W2k-1 and W2k+2 = A 2 W2k for all k • N which 
implies 
= w k+l - = (w k+l - w k+2 =  2k-1 < 0, 
for all k E 1% 
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We do not know a single example of an almost harmonic graph and wonder whether such 
graphs exist at all. All path graphs Pn, n >_ 3, are easily seen to be strictly subharmonic (cf., [3] 
for the eigenvalues and eigenvectors of Pn from which this fact can be derived). 
The Cartesian product GV1G ~ of any nonregular graph G with any regular graph G ~ of degree 
r > - (#_  (G) +/z+(G)) /2  is superharmonic, and it is necessarily strictly superharmonic f r _> 
-~_  (G) holds. To see this, just recall that the main eigenvalues of GDG ~ are of the form # + r 
where # is a main eigenvalue of G ~. Thus, we have #_(GDG ~) = #_(G ' )  + r and p+(GV1G') = 
~+(G')  + r. 
Examples of strictly sub- and strictly superharmonic graphs were given earlier. The eight- 
vertex tree obtained by identifying the central vertex of P5 with an end vertex of P4 is a sub- 
harmonic, yet not strictly subharmonic graph. Further examples of strictly and nonstrictly sub- 
and superharmonic trees are given in [4]. 
The nonconnected graphs on 2q + 3 vertices, consisting of one triangle and q copies of/>2 are 
superharmonic, yet not strictly superharmonic for all q _> 15. More generally, nonconnected 
examples of sub- as well as superharmonic graphs with an arbitrarily large number h(G) of sign 
changes of A2k are easily constructed--and we expect that one can also construct connected 
super- and subharmonic graphs G with h(G) > c for any c > 0. 
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